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Definition
(von Neumann 1929) A discrete group is amenable if it admits a
finitely additive left translation invariant probability measure.

Amenability is inherited by subgroups, closed under quotients,
products, direct unions, and extentions.
(von Neumann) The free group F2 is non amenable.

Question
(von Neumann-Day problem) Do all non amenable groups contain
F2?
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Theorem
(Olshanskii 1979) Tarski monsters exist and are non amenable.

Theorem
(Adyan 1980) The free Burnside group

Bpn, pq “ xx1, ..., xn | X
p “ 1,@X y

is non amenable for n ě 2 and p ě 665 odd.

Theorem
(Olshanskii-Sapir 2003) There are finitely presented non amenable
torsion-by-cyclic groups.

Remark: (Sapir) The number of relations in the construction is
more than 10200.
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A remarkable group of Richard Thompson.

Definition
(Thompson’s group F )The group of all piecewise linear
homeomorphisms of r0, 1s which are differentiable everywhere
except for finitely many dyadic rationals, and derivatives (wherever
they exist) are powers of 2.

xa, b | rab´1, a´1bas, rab´1, a´2ba2sy

xa1, a2, ... | a
ai
n “ an`1,@1 ď i ă ny

(Thurston 1970’s) The group of piecewise PSL2pZq
homeomorphisms of R that have continuous first derivative is
isomorphic to F .
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Geoghegan’s conjecture

Conjecture

(Geoghegan 1979)

1. Thompson’s group F is non amenable and does not contain
F2.

2. F is of type F8.
( i.e. there is a connected, aspherical CW complex X such
that π1pX q “ F and X has finitely many cells in each
dimension. )

Theorem
(Brown-Geoghegan 1984) F is of type F8.

Theorem
(Brin-Squier 1985) F does not contain F2.
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Is F amenable?

”CE GROUPE M’AGACE !” -Etienne Ghys (May 2009)

”Often a specific problem can drive mathematical research. Even
when we do not resolve it, the various attempts and approaches
used by various ”attackers” allow a better understanding of the
surrounding landscape, which is sometimes more important than
the initial problem. ”
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A remarkable group of Monod

PSL2pRq acts on RY t8u by projective transformations.

ˆ

a b
c d

˙

pxq “
ax ` b

cx ` d

Theorem
(Monod 2012)The group H of all piecewise projective
homeomorphisms of R is nonamenable and does not contain F2.

Monod also isolated countable non amenable subgroups of H.

None of these examples are finitely generatable!
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A new finitely presented example.

aptq “ t ` 1

bptq “

$

’

’

’

’

&

’

’

’

’

%

t if t ď 0
t

1´t if 0 ď t ď 1
2

3´ 1
t if 1

2 ď t ď 1

t ` 1 if 1 ď t

cptq “

#

2t
1`t if 0 ď t ď 1

t otherwise

Theorem
(L., Moore)The group G “ xa, b, cy is non amenable, does not
contain F2, and is finitely presented with 3 generators and 9
relations.

Theorem
(L.) G is of type F8.

G satisfies Geoghegan’s conjecture for F !



A new finitely presented example.

aptq “ t ` 1

bptq “

$

’

’

’

’

&

’

’

’

’

%

t if t ď 0
t

1´t if 0 ď t ď 1
2

3´ 1
t if 1

2 ď t ď 1

t ` 1 if 1 ď t

cptq “

#

2t
1`t if 0 ď t ď 1

t otherwise

Theorem
(L., Moore)The group G “ xa, b, cy is non amenable, does not
contain F2, and is finitely presented with 3 generators and 9
relations.

Theorem
(L.) G is of type F8.

G satisfies Geoghegan’s conjecture for F !



A new finitely presented example.

aptq “ t ` 1

bptq “

$

’

’

’

’

&

’

’

’

’

%

t if t ď 0
t

1´t if 0 ď t ď 1
2

3´ 1
t if 1

2 ď t ď 1

t ` 1 if 1 ď t

cptq “

#

2t
1`t if 0 ď t ď 1

t otherwise

Theorem
(L., Moore)The group G “ xa, b, cy is non amenable, does not
contain F2, and is finitely presented with 3 generators and 9
relations.

Theorem
(L.) G is of type F8.

G satisfies Geoghegan’s conjecture for F !



A new finitely presented example.

aptq “ t ` 1

bptq “

$

’

’

’

’

&

’

’

’

’

%

t if t ď 0
t

1´t if 0 ď t ď 1
2

3´ 1
t if 1

2 ď t ď 1

t ` 1 if 1 ď t

cptq “

#

2t
1`t if 0 ď t ď 1

t otherwise

Theorem
(L., Moore)The group G “ xa, b, cy is non amenable, does not
contain F2, and is finitely presented with 3 generators and 9
relations.

Theorem
(L.) G is of type F8.

G satisfies Geoghegan’s conjecture for F !



A new finitely presented example.

aptq “ t ` 1

bptq “

$

’

’

’

’

&

’

’

’

’

%

t if t ď 0
t

1´t if 0 ď t ď 1
2

3´ 1
t if 1

2 ď t ď 1

t ` 1 if 1 ď t

cptq “

#

2t
1`t if 0 ď t ď 1

t otherwise

Theorem
(L., Moore)The group G “ xa, b, cy is non amenable, does not
contain F2, and is finitely presented with 3 generators and 9
relations.

Theorem
(L.) G is of type F8.

G satisfies Geoghegan’s conjecture for F !



A new finitely presented example.

aptq “ t ` 1

bptq “

$

’

’

’

’

&

’

’

’

’

%

t if t ď 0
t

1´t if 0 ď t ď 1
2

3´ 1
t if 1

2 ď t ď 1

t ` 1 if 1 ď t

cptq “

#

2t
1`t if 0 ď t ď 1

t otherwise

Theorem
(L., Moore)The group G “ xa, b, cy is non amenable, does not
contain F2, and is finitely presented with 3 generators and 9
relations.

Theorem
(L.) G is of type F8.

G satisfies Geoghegan’s conjecture for F !



A new finitely presented example.

aptq “ t ` 1

bptq “

$

’

’

’

’

&

’

’

’

’

%

t if t ď 0
t

1´t if 0 ď t ď 1
2

3´ 1
t if 1

2 ď t ď 1

t ` 1 if 1 ď t

cptq “

#

2t
1`t if 0 ď t ď 1

t otherwise

Theorem
(L., Moore)The group G “ xa, b, cy is non amenable, does not
contain F2, and is finitely presented with 3 generators and 9
relations.

Theorem
(L.) G is of type F8.

G satisfies Geoghegan’s conjecture for F !



Nonamenable equivalence relations

X - Polish space.

µ- be a borel measure on X .

E Ď X ˆ X - countable borel equivalence relation.

Definition
E is said to be µ-amenable if there is a sequence of Borel maps
f pnq : E Ñ r0, 1s such that:

The maps f
pnq
x : rxs Ñ r0, 1s, f

pnq
x pyq “ f pnqpx , yq satisfy:

1) ||f
pnq
x ||1 “ 1.

2) There is a Borel E -invariant co-null set A Ď X such that

limnÑ8||f
pnq
x ´ f

pnq
y ||1 “ 0 for all px , yq P E , x , y P A.

Observation: Actions of countable amenable groups produce
amenable equivalence relations.
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Theorem
(Carriere-Ghys 85) If Γ is a non discrete non soluble subgroup of

PSL2pRq then E
PSL2pRq
Γ is nonamenable.

Corollary

ER
Γ is nonamenable.

Nonamenability of G .

ER
G “ ER

Γ

Γ is a countable dense subgroup of PSL2pRq.

Theorem
(L.) If a, b are piecewise projective homeomorphisms of R such
that xa, by – F then ER

xa,by is amenable.



Theorem
(Carriere-Ghys 85) If Γ is a non discrete non soluble subgroup of

PSL2pRq then E
PSL2pRq
Γ is nonamenable.

Corollary

ER
Γ is nonamenable.

Nonamenability of G .

ER
G “ ER

Γ

Γ is a countable dense subgroup of PSL2pRq.

Theorem
(L.) If a, b are piecewise projective homeomorphisms of R such
that xa, by – F then ER

xa,by is amenable.



Theorem
(Carriere-Ghys 85) If Γ is a non discrete non soluble subgroup of

PSL2pRq then E
PSL2pRq
Γ is nonamenable.

Corollary

ER
Γ is nonamenable.

Nonamenability of G .

ER
G “ ER

Γ

Γ is a countable dense subgroup of PSL2pRq.

Theorem
(L.) If a, b are piecewise projective homeomorphisms of R such
that xa, by – F then ER

xa,by is amenable.



Theorem
(Carriere-Ghys 85) If Γ is a non discrete non soluble subgroup of

PSL2pRq then E
PSL2pRq
Γ is nonamenable.

Corollary

ER
Γ is nonamenable.

Nonamenability of G .

ER
G “ ER

Γ

Γ is a countable dense subgroup of PSL2pRq.

Theorem
(L.) If a, b are piecewise projective homeomorphisms of R such
that xa, by – F then ER

xa,by is amenable.



Theorem
(Carriere-Ghys 85) If Γ is a non discrete non soluble subgroup of

PSL2pRq then E
PSL2pRq
Γ is nonamenable.

Corollary

ER
Γ is nonamenable.

Nonamenability of G .

ER
G “ ER

Γ

Γ is a countable dense subgroup of PSL2pRq.

Theorem
(L.) If a, b are piecewise projective homeomorphisms of R such
that xa, by – F then ER

xa,by is amenable.



A combinatorial model

Ω - The cantor set of infinite binary sequences.

Φ : Ω Ñ RY t8u

Φp11n10n21n3 ...q “ n1 `
1

n2 `
1

n3`...

Φp00n11n20n3 ...q “ ´pn1 `
1

n2 `
1

n3`...

q
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An infinite presentation:

An infinite generating set:

txσ, yτ | σ, τ are finite binary sequences , τ is nonconstantu

The relations:

1. x2
τ “ xτ0xτxτ1.

2. If xσpτq is defined, xτxσ “ xσxxσpτq.

3. If xσpτq is defined, yτxσ “ xσyxσpτq.

4. If σ Ę τ and τ Ę σ, yσyτ “ yτyσ.

5. yσ “ xσyσ0y
´1
σ10yσ11.

Expressible as 3 generators and 9 relations! (ă 10200)



An infinite presentation:

An infinite generating set:

txσ, yτ | σ, τ are finite binary sequences , τ is nonconstantu

The relations:

1. x2
τ “ xτ0xτxτ1.

2. If xσpτq is defined, xτxσ “ xσxxσpτq.

3. If xσpτq is defined, yτxσ “ xσyxσpτq.

4. If σ Ę τ and τ Ę σ, yσyτ “ yτyσ.

5. yσ “ xσyσ0y
´1
σ10yσ11.

Expressible as 3 generators and 9 relations! (ă 10200)



An infinite presentation:

An infinite generating set:

txσ, yτ | σ, τ are finite binary sequences , τ is nonconstantu

The relations:

1. x2
τ “ xτ0xτxτ1.

2. If xσpτq is defined, xτxσ “ xσxxσpτq.

3. If xσpτq is defined, yτxσ “ xσyxσpτq.

4. If σ Ę τ and τ Ę σ, yσyτ “ yτyσ.

5. yσ “ xσyσ0y
´1
σ10yσ11.

Expressible as 3 generators and 9 relations! (ă 10200)



An infinite presentation:

An infinite generating set:

txσ, yτ | σ, τ are finite binary sequences , τ is nonconstantu

The relations:

1. x2
τ “ xτ0xτxτ1.

2. If xσpτq is defined, xτxσ “ xσxxσpτq.

3. If xσpτq is defined, yτxσ “ xσyxσpτq.

4. If σ Ę τ and τ Ę σ, yσyτ “ yτyσ.

5. yσ “ xσyσ0y
´1
σ10yσ11.

Expressible as 3 generators and 9 relations! (ă 10200)



An infinite presentation:

An infinite generating set:

txσ, yτ | σ, τ are finite binary sequences , τ is nonconstantu

The relations:

1. x2
τ “ xτ0xτxτ1.

2. If xσpτq is defined, xτxσ “ xσxxσpτq.

3. If xσpτq is defined, yτxσ “ xσyxσpτq.

4. If σ Ę τ and τ Ę σ, yσyτ “ yτyσ.

5. yσ “ xσyσ0y
´1
σ10yσ11.

Expressible as 3 generators and 9 relations! (ă 10200)



An infinite presentation:

An infinite generating set:

txσ, yτ | σ, τ are finite binary sequences , τ is nonconstantu

The relations:

1. x2
τ “ xτ0xτxτ1.

2. If xσpτq is defined, xτxσ “ xσxxσpτq.

3. If xσpτq is defined, yτxσ “ xσyxσpτq.

4. If σ Ę τ and τ Ę σ, yσyτ “ yτyσ.

5. yσ “ xσyσ0y
´1
σ10yσ11.

Expressible as 3 generators and 9 relations! (ă 10200)



An infinite presentation:

An infinite generating set:

txσ, yτ | σ, τ are finite binary sequences , τ is nonconstantu

The relations:

1. x2
τ “ xτ0xτxτ1.

2. If xσpτq is defined, xτxσ “ xσxxσpτq.

3. If xσpτq is defined, yτxσ “ xσyxσpτq.

4. If σ Ę τ and τ Ę σ, yσyτ “ yτyσ.

5. yσ “ xσyσ0y
´1
σ10yσ11.

Expressible as 3 generators and 9 relations! (ă 10200)



An infinite presentation:

An infinite generating set:

txσ, yτ | σ, τ are finite binary sequences , τ is nonconstantu

The relations:

1. x2
τ “ xτ0xτxτ1.

2. If xσpτq is defined, xτxσ “ xσxxσpτq.

3. If xσpτq is defined, yτxσ “ xσyxσpτq.

4. If σ Ę τ and τ Ę σ, yσyτ “ yτyσ.

5. yσ “ xσyσ0y
´1
σ10yσ11.

Expressible as 3 generators and 9 relations! (ă 10200)



An infinite presentation:

An infinite generating set:

txσ, yτ | σ, τ are finite binary sequences , τ is nonconstantu

The relations:

1. x2
τ “ xτ0xτxτ1.

2. If xσpτq is defined, xτxσ “ xσxxσpτq.

3. If xσpτq is defined, yτxσ “ xσyxσpτq.

4. If σ Ę τ and τ Ę σ, yσyτ “ yτyσ.

5. yσ “ xσyσ0y
´1
σ10yσ11.

Expressible as 3 generators and 9 relations! (ă 10200)



An infinite presentation:

An infinite generating set:

txσ, yτ | σ, τ are finite binary sequences , τ is nonconstantu

The relations:

1. x2
τ “ xτ0xτxτ1.

2. If xσpτq is defined, xτxσ “ xσxxσpτq.

3. If xσpτq is defined, yτxσ “ xσyxσpτq.

4. If σ Ę τ and τ Ę σ, yσyτ “ yτyσ.

5. yσ “ xσyσ0y
´1
σ10yσ11.

Expressible as 3 generators and 9 relations!

(ă 10200)



An infinite presentation:

An infinite generating set:

txσ, yτ | σ, τ are finite binary sequences , τ is nonconstantu

The relations:

1. x2
τ “ xτ0xτxτ1.

2. If xσpτq is defined, xτxσ “ xσxxσpτq.

3. If xσpτq is defined, yτxσ “ xσyxσpτq.

4. If σ Ę τ and τ Ę σ, yσyτ “ yτyσ.

5. yσ “ xσyσ0y
´1
σ10yσ11.

Expressible as 3 generators and 9 relations! (ă 10200)



Standard forms

Words of the form fy t1
σ1
...y tnσn satisfying:

1. f P F (an x-word).

2. σi ălex σj if i ă j .

The ălex order

1. σ0τ1 ălex σ1τ2.

2. στ ălex σ.

Theorem
(L.) Using the relations, each word can be converted into a
standard form fy t1

σ1
...y tnσn such that

1. No potential contractions or potential cancellations.

2. f P F is in normal form.

Such a word is unique.
Moreover, y t1

σ1
...y tnσn does not preserve tail equivalence on a dense

subset of its support. (Tail equivalence: σ1τ „ σ2τ)
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A G -CW complex.

X p0q:= the set of right cosets of F in G .

X p1q:= ttFg1,Fg2u | F pg1g
´1
2 qF P tFy˘1

10 F ,Fy˘1
100y

¯1
101F uu

G ñ X p1q is vertex transitive.

A complex of clusters

Definition
(n-clusters) A graph isomorphic to the 1-skeleton or an n-cube
together with (possibly) additional diagonal 1-cells.

Definition
Let ˝n “ r0, 1sn and A Ď txi “ xi`1 | 1 ď i ă nu.
(n-clusters) ˝nA: the CW complex obtained by the intersection
pattern of hyperplanes in A.
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Theorem
(L.) G ñ X satisfies:

1. The stabilizers of cells are of type F8.

2. X {G has finitely many cells in each dimension.

3. X is contractible.
(Asphericity: For each finite subcomplex Y of X there is a
non positively curved cube complex C and ν1 : Y Ñ C ,
ν2 : C Ñ X such that ν2 ˝ ν1 is the inclusion Y ãÑ X .)

It follows that G is of type F8.

This provides the first example of a group that is of type F8,
nonamenable and does not contain F2. (Moreover, torsion
free!)
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